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The multi-objective optimization of linearized impulsive rendezvous is investigated in this paper and this

optimization includes the minimum characteristic velocity, the minimum time of flight, and the maximum safety

performance index, of which the trajectory safety performance index is defined as the minimum relative distance

between a chaser and a target in the chaser’s free-flying path. A theoretical model for calculating this safety

performance index is provided. The three-objective optimizationmodel is proposed based on theClohessy–Wiltshire

system, wherein a generalized inverse matrix solution for linear equations is applied to avoid handling the terminal

equality constraints. The multi-objective nondominated sorting genetic algorithm is employed to obtain the Pareto

solution set. The proposed approach is evaluated using the �V-bar homing and �V-bar homing rendezvous

missions. It is shown that tradeoffs between time of flight, fuel cost, and passive trajectory safety for rendezvous

trajectory is quickly demonstrated by the approach. By identifying multiple solutions, the approach can produce a

variety of missions to meet different needs.

I. Introduction

T HE optimal multiple-impulse spacecraft rendezvous problem
has been studied extensively by a number of groups, such as

Prussing [1,2], Gross and Prussing [3], Jones , and Prussing andChiu
[5], and recently by Shen and Tsiotras [6], Kim and Spencer [7],
Prussing [8], Carter and Brient [9], Carter and Alvarez [10],
Kechichian [11], Xiang and Xiao [12], and Coverstone-Carrol and
Prussing [13]. Most of these works focused specifically on fuel-
optimal time-fixed impulsive rendezvous problem. Recently, Luo
et al. [14] reported the time-optimal impulsive rendezvous with
impulse constraints.

Several criteria need to be considered when designing rendezvous
trajectories, of which the total velocity characteristic is the typical
measure of performance. However, the total velocity characteristic is
not the single desired criterion andminimizing time offlight serves as
an equally attractive mission objective. In addition, trajectory safety
is another important objective for designing a practical rendezvous
mission, especially for an approach mission [15–18]. In this context,
combining these three objectives forms a multi-objective
optimization problem.

The main goal of this study is to examine the trade relationship
between the total characteristic velocity, the time of flight, and the
trajectory safety performance index by multi-objective genetic
algorithm (MOGA). A three-objective rendezvous optimization
model is established based on the linearized rendezvous system. To
obtain the Pareto solution set, we introduce one representative
MOGA to solve the multi-objective optimization design problem.

II. Multi-Impulse Rendezvous Problem
Using C–WEquations

The relative dynamics motion for rendezvous is typically
illustrated by the well-known Clohessy–Wiltshire (C–W) equations,

which is set up in a rotating orbit coordinate frame that is fixed to the
target spacecraft as shown in Fig. 1.

�x � 2! _y� ux

�y� 2! _x � 3!2y� uy

�z� !2z� uz

9>=
>; (1)

where ! is the orbital rate of the target spacecraft, x, y, and z are the
position components of the chase spacecraft, and ux, uy, and uz are
the thrust-acceleration components of the chase spacecraft.

Denoting the state vector X� � x y z _x _y _z �T , the
control vector U � �ux; uy; uz�T , Eqs. (1) are revised as follows:
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From Eqs. (2), the state transition matrix is obtained
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where �� !�t � t0�.
Let

� �t; t0� � �11 �12

�21 �22

� �
(4)

Also, define position- and velocity-related partitions as

� p�t; t0� � �11

�21

� �
�v�t; t0� � �12

�22

� �
(5)
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Equations (2) denote a linear homogeneous system, and its special
solution satisfying X�t0� � X0 is:

X �t� ���t; t0�X0 �
Z

t

t0

�v�t; s�U�s� ds (6)

For a rendezvous mission, the initial state conditions are defined

X �t0� �X0 (7)

Also, the final state conditions are defined

X �tf� �Xf (8)

where t0 and tf are the initial and terminal time for a rendezvous
mission.

The thrust can be approximated as N impulses:

U �t� �
XN
i�1

�vi��t � ti� (9)

where ti is the time when an impulse is applied, �vi �
��vxi;�vyi;�vzi�T (i� 1; 2; � � � ; N). Substituting Eqs. (9) into
Eqs. (6), we get

X �tf� ���tf; t0�X0 �
XN
i�1

�v�tf; ti��vi (10)

Let

�X� X�tf� ���tf; t0�X�t0� �6 � 1� (11)

�V � ���v1�T��v2�T � � � ��vN�T 	T �3N � 1� (12)

F � ��v�tf; t1��v�tf; t2� � � ��v�tf; tN�	 �6 � 3N� (13)

Then

�X� F�V (14)

When N � 1, Eq. (14) has no solution, generally.
Let �F;�X	 be the augmented matrix of the system of linear

equations described as Eq. (14). If rank��F;�X	� � rank�F�,
Eq. (14) has a solution; otherwise, not. Hereafter, we assume it has a
solution.

When N � 2 (two-impulse rendezvous), by Eq. (14)

�V � F�1�X (15)

When N > 2, Eq. (11) has more than one solution. Its general
solution is

�V � F��X� �I � F�F�� (16)

where F� is an arbitrary generalized inverse matrix of F, � is an
arbitrary 3N � 1 vector.

If the minimum-norm solution is chosen, the N-impulse vector is
obtained

�V � FT�FFT��1�X (17)

The minimum-norm solution is different from the minimum-fuel
solution [12]. By optimizing �, the minimum-fuel solution can be
obtained with the minimum-norm solution as the initial guess.

III. Trajectory Safety Performance

A rendezvous mission can be divided into a number of major
phases: launch, phasing, far-range rendezvous (homing rendezvous),
close-range rendezvous, and mating [15]. The discussions
concerning trajectory safety concentrate on the rendezvous phase
because the mission phases of launch and phasing are generally
controlled by operators or computer functions on the ground.
Generally, two categories are considered in the rendezvous trajectory
safety: active trajectory protection and passive trajectory protection.
Active trajectory protection focuses on designing an approximate
active collision avoidance maneuver, and more details on this issue
can be found in [15]. On the other hand, passive trajectory protection
centers on designing all trajectory elements in an approach trajectory
sequence such that if, at any point of the trajectory, thrust control
ceases, the resulting “free trajectory” will remain collision-free for a
time to be defined (TBD). In our optimal multi-objective rendezvous
design, only passive trajectory protection is considered.

Assume the chaser has lost control at any time �0�t0 
 �0 
 tf�
during the rendezvous trajectory. Based on the C–W equations, its
free-flying position at time � is found to be the analytical function of
the initial position X�0 � �x�0; y�0; z�0�T and the initial velocity
_X� � _x�0; _y�0; _z�0�T at time �0

8>>>>><
>>>>>:
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�
x�0 � 2 _y�0

!

�
� 2

�
2_x�0
!
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!
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y��� �
�
4y�0 � 2 _x�0

!

�
� _y�0

!
sin�!��� �

�
3y�0 � 2 _x�0

!

�
cos�!���

z��� � _z�0
!
sin�!��� � z0 cos�!���

(18)

where �� � � � �0. The corresponding velocity is found to be

8><
>:

_x��� � 2�2_x�0 � 3y�0!� cos�!��� � 2_y�0 sin�!��� � 3_x�0 � 6!y�0

_y��� � _y�0 cos�!��� � �3!y�0 � 2_x�0� sin�!���
_z��� � _z�0 cos�!��� � z�0! sin�!���

(19)
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Fig. 1 Orbit coordinate system.
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The corresponding acceleration is found to be

8><
>:

�x��� � 2!�3y�0! � 2_x�0� sin�!��� � 2! _y�0 cos�!���
�y��� � �! _y�0 sin�!��� � !�3!y�0 � 2_x�0� cos�!���
�z��� � �!_z�0 sin�!��� � z�0!

2 cos�!���
(20)

The relative distance of the chaser to the target at time � is defined as

r��� � f�X�0; _X�0; �0; �� �
���������������������������������������������
x���2 � y���2 � z���2

p
(21)

The minimum value of r��� is used to measure the safety of the drift
trajectory. Let

rmin��0� � min
�0
�
�0�TBD

r��� (22)

In the study, TBD is 2�=!, the same as the period of the target
orbit.

The rendezvous trajectory has a time history from t0 to tf, thus �0
can be any point in the range of t0 
 �0 
 tf. Let

rsafe � min
t0
�0
tf

rmin��0� (23)

rsafe is regarded as the trajectory safety performance index. For a
general passive-safe required rendezvous trajectory, rsafe should be
larger than a defined value. From the point of view of optimal design,
rsafe should be as large as possible. Therefore, rsafe is proposed as one
design optimization objective function in the multi-objective
rendezvous design,

max J � rsafe (24)

Through Eq. (23), the calculation of rsafe involves two functional
optimization problems. Firstly, a semitheoretical model for
calculating rmin��0� is provided.

Assume that r��� reaches itsminimum at time ��, �� should satisfy
the following two conditions:

dr

d��
� 0;

d2r

d��2
> 0 (25)

From Eqs. (18–20)

dr

d�
� �x _x� y _y� z_z�

r
(26)

d2r

d�2
���x _x� y _y� z_z�2

r3
� _x2 � x �x� _y2 � y �y� _z2 � z�z

r
(27)

If dr=d� � 0, Eq. (27) is revised to

d2r

d�2
� _x2 � x �x� _y2 � y �y� _z2 � z�z

r
(28)

Based on the above analyses, the iteration method to calculate
rmin��0� is described as follows:

Step 1: give an initial guess �0, and iteration� 0.

Step 2: solve dr=d� � 0 by Newton–Raphson method and obtain
one solution ��.

Step 3: if d2r=d��2 > 0, �� is the true solution, stop; otherwise, go
to Step 4.

Step 4: let �0 � ��� � �0�=2, iteration� � 1. If
iteration < iteration max, go to Step 2; otherwise, go to Step 5.

Step 5: make �� � �0 the true solution.
After rmin��0� is defined, one simplifiedmethod is used to calculate

rsafe. A number of points (�0;1; �0;2; . . . ; �0;l) are chosen in the range of
�t0; tf 	 at equal time interval. Each rmin��0;i� corresponds to �0;i is
calculated, then

rsafe �min�rmin��0;1�; . . . ; rmin��0;l�	 (29)

IV. Multi-Objective Optimization Model

Based on the linearized rendezvous equations (1–17), a multi-
objective optimization model for an N-impulse rendezvous is
provided.

A. Objective Function Vector

The time of flight is chosen as the first objective function:

min f1�x� � tf (30)

The total velocity characteristic is the second objective function:

min f2�x� ��v�
XN
i�1

j�vij (31)

The third objective function is the trajectory safety performance
index

min f3�x� � �rsafe (32)

B. Optimization Variables

Because it is the minimum-time rendezvous, tf is an optimization
variable. The impulse times ti�i� 1; 2; . . . ; N� are also optimization
variables. To improve optimization performance, the variable-
scaling method is imposed on ti. Let

�i � ti=tf 0 
 �i 
 1 (33)

If �V is chosen as the optimization variables, it is required to
handle equality constraints as described by Eqs. (8). As is well
known, the equality constraint is very difficult to handle for almost all
optimization algorithms. To overcome this problem, the generalized
inverse matrix solution for a linear equation group is applied, i.e., the
impulse vector is defined directly by Eqs. (16) or Eqs. (17) when
ti�i� 1; 2; . . . ; N� are determined. By using this method, the
terminal equality constraints are satisfied naturally. Herein, the
minimum-norm inverse matrix is adopted as the generalized inverse
matrix, i.e., F� � FT�FFT��1.

In total, the optimization vector x includes three parts: one part is
tf, the second part is ��1; . . . ; �N�T , and the third part is �.

If N � 2, then F� � F�1, x� �tf; �1; �2�T . If N > 2

x �
� �tf; �1; . . . ; �N; ��T �V is defined by the general solution Eqs: �16�
�tf; �1; . . . ; �N�T �V is defined by the minimum-norm solution Eqs: �17� (34)
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C. Constraints

One kind of impulse constraints is considered: the time of impulse.
The general constraint on ti�i� 1; 2; . . . ; N� is

t0 
 t1 < t2 � � �< tN 
 tf (35)

For the practical rendezvous mission, it is necessary to adjust the
attitude before firing the engine, and this requirement constrains the
interval time between two arbitrary impulses. The constraint is
formulated as follows:

ti�1 � ti � �t �i� 1; 2; . . . ; N � 1� (36)

V. Multi-Objective Genetic Algorithms

A. Problem Formulation

A general multi-objective optimization problem is to find the
design variables that optimize a vector objective function over the
feasible design space. The objective functions are the quantities that
the designer wishes to minimize, maximize, or attain a certain value.
The problem formulation in standard form for a minimization is
given here, which is similar for the other cases [19].Minimize

f �x� � �f1�x�; f1�x�; . . . ; fm�x�	T (37a)

subject to

g �x� � �g1�x�; g2�x�; . . . ; gp�x�	T 
 0 (37b)

where

x � �x1; x2; . . . ; xn�T 2 x 
 Rn (37c)

B. Concept of Pareto Optimal [19]

As shown in Eqs. (37), the design objectives of a multi-objective
optimization problem are at least partly conflicting. For this reason, a
multi-objective optimization problem normally does not have a
single optimal solution. Instead, the solution is the family of designs
named the Pareto-optimal set. The definition of the Pareto-optimal
solution is stated as follows.

In a minimization problem, a feasible design xa is said to be
inferior with respect to another feasible design point xb if

fi�xb� 
 fi�xa�; i� 1; . . . ; m (38)

with a strict inequality for at least one i. Correspondingly, the design
point xb is said to dominate xa. If xb neither dominates nor is inferior
to xa, then xa and xb are said to be noninferior with respect to each
other.

For a population of design points, a feasible design solution x� is
called a Pareto-optimal solution if it is not inferior with respect to any
other feasible design points.

C. MOGA

Genetic algorithms are a global search method that mimics the
behavior observed in biological populations. Genetic algorithms
employ the principle of survival of the fittest in their search processes
and have been applied successfully to the design of many complex
systems. To perform the optimization process, genetic algorithms
employ three operators to propagate the population of possible
parameter values from one generation to another: selection operator,
crossover operator, and mutation operator.

MOGA is a genetic algorithm (GA) extended for multi-objective
optimization. GAs solve a single-objective optimization problem by

emulating the natural evolutionary process in which a population of
design points (or individuals) is iteratively evolved to reach an
optimum solution. In GAs, at each iteration, the probability that an
individual is selected to evolve is governed by itsfitness value, which
is a function of that individual’s single-objective value and its
constraint values. MOGA extends a genetic algorithm’s fitness
assignmentmethod so that it is applicable tomultiple objectives [20].
There are many variants of MOGA reported in the literature, for
example, Schaffer [21], Fonseca and Fleming [22], Srinivas andDeb
[23], Narayanan and Azarm [24], and Crossley et al. [25]. Other
MOGAs can be found inDeb’s book [20].Among theseMOGAs, the
nondominated sorting genetic algorithm (NSGA) developed by
Srinivas and Deb [23] is widely used. Coverstone–Carroll et al. [26]
have successfully applied the NSGA to generate fronts of Pareto-
optimal trajectories for both Earth–Mars and Earth–Mercury
missions. NSGA-2 [27] was advanced from its origin, NSGA. In
NSGA-2, a fast-nondominated sorting approach is used for each
individual to create Pareto rank, and a crowding distance assignment
is applied to implement density estimations.

In next section, the model of the NSGA-2 used in our study is
presented.

D. Brief Description of the NSGA-2

The algorithm is based on the idea of transforming the m
objectives to a single fitness measure by the creation of a number of
fronts, sorted according to nondomination. During fitness assign-
ment, the first front is created as the set of solutions is not dominated
by any solutions in the population. These solutions are given the
highest fitness and temporarily removed from the population. After
this, a second nondominated front consisting of the solutions that are
now nondominated is built, assigned the second-highest fitness, etc.
This is repeated until each of the solutions have been assigned a
fitness. After each front has been created, its members are assigned
crowding distances (normalized distance to closest neighbors in the
front in the objective space) later to be used for niching. Readers are
referred to [20,27] for more details of the NSGA-2.

The real-coded method is adopted in our work. Unlike the original
edition of NSGA-2, the arithmetical crossover operator and the
nonuniform mutation operator [28] are applied. Selection is
performed in tournaments of size two: the solution with the lowest
front number wins. If the solutions come from the same front, the
solution with the highest crowding distance wins, because a high
distance to the closest neighbors indicates that the solution is located
at a sparse part of the front. The constraint handling method of Deb
et al. [27] is adopted. Feasible, noninferior designs are stored in an
approximate Pareto set that is updated after each generation as new
designs dominating previously stored designs are found.

VI. Examples

A. Problem Configuration

Many rendezvous missions have been determined in this work
using the NSGA-2. In this paper, the homing rendezvous missions
are selected to demonstrate our approach. The homing rendezvous
can also be named far-range rendezvous [15]. The major objective of
the homing rendezvous phase is the reduction of trajectory
dispersions, i.e., the achievement of position, velocity, and angular
rate conditions, which are necessary for the initiation of the close-
range rendezvous operations. Passive trajectory safety is one
important performance index for designing a homing rendezvous
trajectory. In this section, two representative homing rendezvous
trajectories are analyzed and compared:�V-bar homing and�V-bar
homing. The former requires the chaser to enter a position-hold point
behind the target, and the latter, a position-hold point in front of the
target.

Both of them have the same initial conditions:

X 0 � �35713:3 m;�13455:1 m;�28:8 m;�22:9 m=s; 0:66 m=s;�0:09 m=s�T
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The final conditions are different and for the �V-bar homing
rendezvous are

X f � �2000 m; 0; 0; 0; 0; 0�T

Whereas the final conditions for the�V-bar homing rendezvous are

X f � ��2000 m; 0; 0; 0; 0; 0�T

In all test cases, the target spacecraft orbit is a 400 km circular
orbit, which corresponds to an orbital rate ! of 0:00113 rad=s.

The parameters of the NSGA-2 used in experiments are provided
in Table 1. The optimization variables are tf and �i�i� 1; 2; . . . ; N�,
thus the impulse vector is the minimum-norm solution. Other
configurations of the optimal multi-objective rendezvous problem
are provided in Table 2.

B. Pareto-Solution Sets

TheNSGA-2 is used to optimize the two-, three-, and four-impulse
�V-bar and �V-bar homing rendezvous trajectories, respectively.
Considering the stochastic characteristic of the NSGA-2, ten
independent runs for each test case are completed. Table 3 provides
the statistical results on the number of the converged Pareto-optimal
solutions obtained in each execution for the �V-bar homing
rendezvous. Figures 2–4 illustrate several selected Pareto sets, in
which the converged Pareto-optimal solutions are indicated with an
“o” [f1 indicates total characteristic velocity (m/s), f2 indicates time
of flight (s), and f3 indicates negtiveminimum relative distance (m)].
Figure 2 compares the three-impulse �V-bar and �V-bar cases.
Figure 3 compares the four- and three-impulse �V-bar cases.
Figure 4 compares the three- and two-impulse �V-bar cases. The
Pareto solutions provided by Figs. 2–4 are the solutions obtained in
one of these ten runs. Table 4 lists three Pareto-optimal solutions for
the four-impulse�V-bar homing rendezvous. Figure 5 illustrates the
trajectory (including the time histories of the position and the
velocity) corresponding with the first solution listed in Table 4. For
this rendezvous trajectory, rsafe is obtained when the chaser has lost
control during the first impulse and the second impulse. Figure 6
illustrates the chaser’s free-flying path (starts at 495.8 s) in the x–y
plane, and also the time history of the relative distance is provided.

C. Discussion

According to our experiments and the data provided by Tables 3
and 4 and Figs. 2–6, it is clear that the NSGA-2 has successfully
generated the Pareto-optimal solution fronts. The proposed
optimization model and the NSGA-2 are effective to solve the
optimal multi-objective linearized impulsive rendezvous. The time
cost of one run on a Dell computer with a 2.9 GHzCPU is about 90 s.
The approach is quick and effective to provide very valuable insights
into the tradeoffs available in the design space of the rendezvous
trajectory.

In our study, only a single set of initial conditions is considered and
the number of impulses is specified a priori rather than being a result
of the optimization like that in [5]. Besides, the impulse vector is a
minimum-norm solution. Therefore, it is beyond our scope to make
generalizations about rendezvous solutions. Nevertheless, our
current study on the test cases has generated several inherent
principles regarding the optimal multi-objective rendezvous
trajectory, which may also be useful for other cases:

1) There is an obvious relation between the time of flight and the
total characteristic velocity; the longer rendezvous time would result
in less fuel cost and vice versa. However, a relation is not apparent
between the time of fight (or the total characteristic velocity) and the
trajectory safety performance index.

2)As Fig. 2 demonstrated, the�V-bar has better passive trajectory
safety performance than the �V-bar for three-impulse homing
rendezvous. This is true for the four- and two-impulse cases. The
range of rsafe for the �V-bar homing rendezvous is [1100, 2000] m,
but [0, 2000] m for the�V-bar homing rendezvous.

Table 1 NSGA-2 parameters used in experiments

Parameter Value

Coded-type floating coded
Population size 100
Maximum number of generations 200
Selection type tournament
Scale of tournament 2
Crossover type arithmetical
Probability of crossover 0.92
Mutation type nonuniform
Probability of mutation 0.10

Table 2 Problem configurations

Parameter Value

Number of impulses 2,3,4, respectively
Time of flight tf , s search space [1000, 5000]
�i�i� 1; 2; . . . ; N� search space [0, 1]
l (number of points selected to calculate rsafe) 10
�t, s 100

Table 3 Statistical results on number of Pareto-optimal solutions for

the �V-bar homing rendezvous

Problem Number of Pareto-optimal solutions Success rate

Maximum Minimum Mean

Four-impulse 764 385 524.7 100%
Three-impulse 552 343 462.3 100%
Two-impulse 1316 809 1008.2 100%

Fig. 2 Pareto sets for the three-impulse �V-bar and �V-bar homing rendezvous.
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Fig. 3 Pareto sets for the four- and three-impulse �V-bar homing rendezvous.

Fig. 4 Pareto sets for the two- and three-impulse �V-bar homing rendezvous.

Fig. 5 The rendezvous trajectory corresponding with the first solution listed in Table 4.

Fig. 6 Chaser’s free-flyer path corresponding with the first solution listed in Table 4.
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3) For the same time of flight, the�V-bar rendezvous has less fuel
cost compared with the �V-bar rendezvous. This can be explained
that the latter has longer flight journey.

4) The fronts of the V-bar and �V-bar are similar for the two-
impulse case, but different for the three-impulse and the four-impulse
cases. The fronts of the three-impulse case and the four-impulse case
are similar, but different from the two-impulse case. As the number
of impulses increase, populations are distributed less evenly over
apparent Pareto fronts.

5) As Figs. 3 and 4 demonstrated, the fuel cost is found to improve
as the number of impulses increase with the same time of flight.
However, this would not be always true for other cases. Some
examples of multi-impulse rendezvous trajectory with less fuel cost
than two-impulse rendezvous trajectory were provided by Prussing
and Chiu [5].

VII. Conclusions

While other studies on optimal impulsive rendezvous are limited
to one single-objective function (minimum fuel cost or minimum
time), our optimal linearized impulsive rendezvous design
incorporates three-objective functions including the minimum fuel
cost, the minimum time of flight, and the maximum trajectory safety
performance index. It is found that the nondominated sorting genetic
algorithm-2 worked well for the optimal three-objective linearized
impulsive rendezvous problem. Our studies provide a quick and
effective tool to demonstrate the relation between time of flight, fuel
cost, and passive trajectory safety for rendezvous trajectory. By
identifying multiple solutions, the approach can produce a variety of
missions to meet different needs.
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Table 4 Three Pareto-optimal solutions for the four-impulse �V-bar homing rendezvous

Solution index tf , s �v, m=s rsafe, m ti�i� 1; 2; 3; 4�, s
1 2231.0 12.2 1360.7 139.9, 988.8, 1209.5, 2225.2
2 2759.8 8.3 1523.2 175.0, 1214.2, 1493.8, 2752.1
3 2592.6 8.9 1657.8 162.8, 1204.8, 1406.2, 2587.1
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